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ABSTRACT
We use smoothed particle hydrodynamic simulations to investigate the growth of
perturbations in infinitely long filaments as they form and grow by accretion. The
growth of these perturbations leads to filament fragmentation and the formation of
cores. Most previous work on this subject has been confined to the growth and frag-
mentation of equilibrium filaments and has found that there exists a preferential frag-
mentation length scale which is roughly 4 times the filament’s diameter. Our results
show a more complicated dispersion relation with a series of peaks linking perturba-
tion wavelength and growth rate. These are due to gravo-acoustic oscillations along
the longitudinal axis during the sub-critical phase of growth. The positions of the
peaks in growth rate have a strong dependence on both the mass accretion rate onto
the filament and the temperature of the gas. When seeded with a multi-wavelength
density power spectrum there exists a clear preferred core separation equal to the
largest peak in the dispersion relation. Our results allow one to estimate a minimum
age for a filament which is breaking up into regularly spaced fragments, as well as an
average accretion rate. We apply the model to observations of filaments in Taurus by
Tafalla & Hacar (2015) and find accretion rates consistent with those estimated by
Palmeirim et al. (2013).
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formation
1 INTRODUCTION
The prevalence of filamentary structures across a wide range
of scales (Schneider & Elmegreen 1979; Lada, Alves & Lada
1999; Myers 2009; Andre´ et al. 2010; Palmeirim et al. 2013;
Beuther et al. 2015) has lead to several papers study-
ing their structure, stability, fragmentation and collapse
(Ostriker 1964; Larson 1985; Inutsuka & Miyama 1992;
Burkert & Hartmann 2004; Pon, Johnstone & Heitsch 2011;
Fischera & Martin 2012; Heitsch 2013; Clarke & Whitworth
2015).
It has been shown that a filament’s line density (defined
as the mass per unit length) determines the filament’s radial
stability: filaments below a critical line density will not and
cannot be made to collapse radially, those with line density
above the critical value will. For an isothermal filament the
critical line density is
µ
CRIT
=
2a2o
G
≈ 16.7M
⊙
pc−1
(
T
10K
)
, (1)
where ao is the isothermal sound speed, G is the gravi-
∗E-mail: seamus.clarke@astro.cf.ac.uk
tational constant and T is the gas temperature (Ostriker
1964).
The Herschel Gould Belt Survey has shown that the ma-
jority of star-forming cores are found within filaments which
have super-critical line densities, while sub-critical filaments
are sterile (Andre´ et al. 2010). It has also been shown the-
oretically that due to their geometry, filaments are apt to
fragment; small-scale perturbations can readily collapse lo-
cally before global longitudinal collapse overwhelms them
(Pon, Johnstone & Heitsch 2011). This suggest a paradigm
in which filaments are formed inside molecular clouds, and
the densest of these filaments then become super-critical and
go on to fragment into cores.
Inutsuka & Miyama (1992) have analysed how small-
scale perturbations grow and collapse in an equilibrium fila-
ment; they derive a dispersion relation linking perturbation
wavelength with perturbation growth rate. They find that
perturbations are unstable when their wavelength is larger
than twice the filament’s diameter, and there exists a fastest
growing mode at approximately 4 times the filament’s diam-
eter. When the line density of an isothermal filament exceeds
the critical value by a small amount, the perturbations do
not have time to grow before global radial collapse takes
c© 2002 RAS
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Figure 1. The column density projected onto the x-z plane for
the fiducial case (i.e. A = 0.2, λ = 0.2 pc, T
O
= 40K and µ˙ =
70M
⊙
pc−1 Myr−1) at two different times. On the left, at t =
0.15Myr, the filament has formed on the z axis, it is sub-critical
and confined by the ram pressure of the accreting gas. On the
right, at t = 0.55Myr, the filament has become supercritical and
is contracting radially; at the same time the seeded perturbations
have become sites of local collapse. Created using the visualisation
tool SPLASH (Price 2007).
place; in this case, it is thought that fragmentation occurs
at the point when isothermality breaks and radial collapse
is halted.
Though perturbations in equilibrium and super-critical
filaments have been studied before (e.g. Larson 1985;
Inutsuka & Miyama 1992, 1997; Freundlich, Jog & Combes
2014), non-equilibrium filaments have been neglected. How-
ever, it is unlikely that when a filament first forms it is
in equilibrium or has a super-critical line density; it is far
more likely that a filament will be sub-critical when it first
forms and mass then accretes on to it until it becomes un-
stable and fragments. As filaments and perturbations form
together and co-evolve it is important to understand how
density perturbations behave during the sub-critical phase,
especially so if one attempts to link the density perturbation
power spectrum to the core mass function (Inutsuka 2001;
Roy et al. 2015).
In this paper, we present numerical simulations of ini-
tially sub-critical perturbed accreting filaments, in order
to investigate the dispersion relation between perturbation
wavelength and perturbation growth rate, and to compare to
the relation found by Inutsuka & Miyama (1992) for equilib-
rium filaments. In section 2, we detail the simulation setup
and the initial conditions used; in section 3, we present the
results of these simulations; in section 4, we discuss their
significance and compare to previous work; and in section 5,
we summarize our conclusions.
2 NUMERICAL SETUP
The simulations presented in this paper are performed using
the Smoothed Particle Hydrodynamics (SPH) code GAN-
DALF (Hubber et al. in prep). The simulations invoke both
self-gravity and hydrodynamics, with the barotropic equa-
tion of state
T (ρ) = T
O
(
1 +
(
ρ
ρ
BARO
)2/3)
. (2)
Here T
O
is the initial temperature and ρ
BARO
=
10−14 g cm−3 is the critical density at which the gas changes
from being approximately isothermal to approximately adi-
abatic. We present two sets of simulations, one with T
O
=
10K and the other with T
O
= 40K; this results in isothermal
sound speeds of ∼ 0.19 km/s and ∼ 0.37 km/s respectively,
assuming solar metallicity. Grad-h SPH (Price & Monaghan
2004) is implemented, with η = 1.2, so that a typical parti-
cle has ∼ 56 neighbours. Sink particles are implemented as
described in Hubber, Walch & Whitworth (2013) using the
sink creation density, ρ
SINK
= 10−12 g cm−3.
The computational domain is open in the x and y di-
rections, but is periodic in z, the long axis of the filament
(see Wunsch et al. in prep, for the implementation of the
modified Ewald field). This in effect allows us to study the
perturbation growth in an infinitely long filament, and hence
to ignore the complicating effects of global longitudinal col-
lapse (Clarke & Whitworth 2015).
To generate the initial conditions, a cylindrical settled
glass of particles with a uniform density is stretched so that
it reproduces the density profile,
ρ(r, z) =
ρ
O
r
O
r
(
1 + A sin
(
2piz
λ
))
. (3)
Here ρ
O
is the density at r
O
= 0.1 pc, A is the amplitude
of the perturbation and λ is the perturbation’s wavelength.
The initial velocity field is,
v = −v
O
rˆ. (4)
Combined, these density and velocity profiles result in a
setup which can be characterised by A, λ and the influx
of mass per unit length, µ˙ = 2piρ
O
r
O
v
O
.
The resulting perturbed cylinder of particles has a ra-
dius of rmax = 1pc, and a length, L = mλ, where m is
the largest integer that satisfies L 6 1 pc. This provides a
sufficiently large computational domain to allow us to study
a wide range of plausible perturbation wavelengths, while
maintaining good resolution.
We stress that there is no filament present at the outset.
At t = 0 all the material is flowing radially inwards, towards
the z-axis. As soon as the simulation starts, an accretion
shock forms on the z-axis and then propagates outwards;
the filament is the dense material inside this shock. Our
initial setup should be seen as a simple approximation to
the formation of a filament, a locally convergent flow in a
globally turbulent field, which is about to create a filament.
We consider perturbations which are initially small, tak-
ing A = 0.1 or 0.2. The perturbation wavelength λ is varied
between 0.05 pc and 0.5 pc. The lower limit is due to resolu-
tion concerns, and the upper limit to ensure that at least 2
wavelengths fit within the computational domain. The mass
c© 2002 RAS, MNRAS 000, 1–7
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Figure 2. The dispersion relation between perturbation wave-
length and perturbation growth rate for T
O
= 40K, µ˙ =
70M
⊙
pc−1 Myr−1 and A = 0.2 (the fiducial case) and also with
A = 0.1. There no longer exists a single local maximum at 4 times
the filament’s diameter, instead there exists a series of peaks and
troughs. The initial amplitude of the perturbations does not af-
fect the shape of the dispersion relation, rather it only affects the
magnitude of the growth rate.
flux per unit length is varied between ∼ 10M
⊙
pc−1Myr−1
and ∼ 100M
⊙
pc−1Myr−1, in line with the accretion rates
estimated observationally by Palmeirim et al. (2013) and
Kirk et al. (2013). We define the critical time as the time
at which the filament reaches the critical line density and
becomes radially unstable, τ
CRIT
∼ µ
CRIT
/µ˙.
After the first sink forms, we only follow the simulation
for a further 0.01 Myr, since we are principally interested
in the dynamics that lead to instability, rather than the
subsequent collapse.
The simulations are run with 3 million particles per par-
sec, giving a mass resolution of between 1.5 × 10−3 M
⊙
and
4 × 10−3 M
⊙
. Such high resolution is necessary to ensure
the small wavelength perturbations are well resolved even
at low densities. The artificial viscosity needed to capture
shocks is known to overly dampen short wavelength oscil-
lations on the order of the smoothing length. Therefore, we
have invoked time dependent artificial viscosity as described
in Morris & Monaghan (1997) to further lessen the effect
of artificial viscosity on short wavelength oscillations. Tests
with different numbers of particles show that the simulations
have converged at 3 million particles per parsec.
3 RESULTS
The perturbations seeded in the initial density profile sur-
vive the approximately cylindrical accretion shock bounding
the filament, and form a radially sub-critical perturbed fil-
ament of typical width ∼ 0.1 pc (figure 1a). The rest of the
gas continues to accrete onto the filament until it reaches
the critical line density and the perturbed sections collapse
(figure 1b).
We take the time at which the first sink particle forms,
τ
SINK
, as a proxy for the perturbation growth time. Sink
particles are used in numerical simulations to reduce com-
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Figure 3. The dispersion relation between perturbation wave-
length and normalised growth rate for the fiducial case
(µ˙ = 70M
⊙
pc−1 Myr−1), and for the case with µ˙ =
100M
⊙
pc−1 Myr−1. The normalised growth rate is defined as
gˆλ = gλ/g0.05pc . The fiducial case (solid blue line) and the case
with a higher accretion rate (dashed red line) are out of phase,
the peaks in the dispersion relation do not line up. The higher
accretion rate has caused the relation to be squeezed in the x-
direction. The green dotted line is the result of stretching the
high accretion line assuming the dispersion relation takes the form
gλ = f(λ/τCRIT ), where τCRIT is the time at which the filament
becomes supercritical. The peaks in the stretched dispersion re-
lation now line up with those from the fiducial case.
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Figure 4. The dispersion relation between perturbation wave-
length and normalised growth rate for the fiducial case (T
O
=
40K), and for the case with T
O
= 10K. The normalised growth
rate is defined as gˆλ = gλ/g0.05pc . The fiducial case (solid blue
line) and the case with the lower temperature (dashed red line)
are out of phase. The lower temperature has caused the relation
to be squeezed in the x-direction. The green dotted line is the
result of stretching the T
O
= 10K line assuming the dispersion
relation takes the form gλ = f
′(λ/a
O
), where a
O
is the isother-
mal sound speed. The peaks in the stretched dispersion relation
now line up with those from the fiducial case.
c© 2002 RAS, MNRAS 000, 1–7
4 S. D. Clarke, A. P. Whitworth and D. A. Hubber
Figure 5. The normalised volume-density profile, ρ / 〈ρ〉, along
the z-axis for the fiducial case at two different times, t = 0.05Myr
(blue solid line) and t = 0.30Myr (green dashed line). A standing
gravo-acoustic wave is set up along the filament’s length; the lo-
cations of the initial density peaks are the anti-nodes of the wave.
The density peaks and trough switch after 0.25 Myr has passed,
i.e. half an oscillation period.
putational cost; they are used to replace dense, collaps-
ing bound regions that will inevitably become stars. Thus
the earlier a sink particle forms the faster the perturbation
became unstable. Specifically we define the perturbation
growth rate as gλ = 1/τSINK . Figure 2 shows the dispersion
relation linking perturbation wavelength with perturbation
growth rate for T
O
= 40K, µ˙ = 70M
⊙
pc−1Myr−1 and
A = 0.2 (the fiducial case) and also with A = 0.1. It is ev-
ident that the inclusion of the non-equilibrium sub-critical
phase has dramatically changed the relationship from the
one derived by Inutsuka & Miyama (1992). There no longer
exists a single local maximum at 4 times the filament’s diam-
eter. Instead the dispersion relation appears to have two fea-
tures: longer wavelength perturbations tend to grow faster,
and superimposed on this there is a series of peaks and
troughs.
Varying the mass accretion rate we find that the shape
of the dispersion relation is unchanged, but it is rescaled
in the x-direction (figure 3). As the mass accretion rate is
increased, and the time taken for the filament to become su-
percritical is decreased, the dispersion relation is squeezed
and the peaks in the growth rate move to shorter wave-
lengths. Let us consider that there exists a function, f(x),
which transforms the parameters, λ, a
O
and µ˙, into the ob-
served dispersion relation gλ. Figure 3 shows that the dis-
persion relation takes the form gλ = f(λµ˙) = f(λ/τCRIT),
where τ
CRIT
is the time at which the filament becomes su-
percritical.
When the initial temperature of the gas, and by exten-
sion the isothermal sound speed, is varied we see the same
type of behaviour as when the mass accretion rate is varied
(figure 4). As the temperature of the gas is decreased the
dispersion relation is squeezed and the peaks in the growth
rate move to shorter wavelengths. We find that the stretch-
ing goes as T−1/2
O
or as a−1
O
, so we can write the dispersion
relation as gλ = F (λ/aOτCRIT).
Figure 6. The longitudinal density (blue solid line) and velocity
(green dashed line) profiles at t = 0.45Myr for the simulation with
λ = 0.2 pc, T
O
= 40K, µ˙ = 70M
⊙
pc−1 Myr−1 and A = 0.2.
This is the time at which the perturbations are just becoming
self-gravitating and the filament is close to becoming globally
super-critical. The red dotted line is the v = 0km/s line, which
we include to help the reader see the converging and diverging
regions along the filament. The velocity field is out of phase with
the density field, and the main converging flows are positioned
where the troughs of the density profile are. Because of this the
majority of the gas is moving away from the density peaks just
as collapse is about to begin. There are small converging flows at
the central density peaks because these peaks have just become
self-gravitating.
4 DISCUSSION
The primary characteristic of the sub-critical phase is that
thermal pressure forces are greater than gravitational forces.
Thus, during this phase the evolution of the perturbations
within the filament is dominated by acoustic oscillations,
and standing waves are set up along its length. Figure 5
shows the volume-density profile along the z-axis at two
different times. The density peaks oscillate with a period
λ/a
O
∼ 0.50Myr. Thus, between 0.05 Myr and 0.30 Myr, a
half period has elapsed, and the density peaks and troughs
have switched.
It is the presence of these acoustic density oscillations
that gives rise to the oscillations seen in the dispersion rela-
tion (figure 2). The depressed growth rate at certain wave-
lengths is due to the fact that in these cases the time at
which radial collapse begins, τ
CRIT
, coincides with the point
in the oscillation at which the peak of the density pertur-
bation is being dispersed and reformed at a trough (figure
6). Thus when the gas making up the density peak becomes
self-gravitating it is moving outwards. This has two conse-
quences: the gas must first be decelerated and turned around
before the perturbation collapses longitudinally as well as ra-
dially, and the amplitude of the density peak is decreased as
mass has moved into what once was a trough. These two ef-
fects cause the collapse of the perturbation to proceed more
slowly once the filament has become super-critical, resulting
in a significantly lower growth rate. Conversely, the peaks
are caused by the longitudinal motions converging on a den-
sity peak at the time of radial collapse, when the perturba-
tion is reaching its peak amplitude.
c© 2002 RAS, MNRAS 000, 1–7
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Figure 7. The longitudinal density profile for one of the α = −1.6 simulations at t = 0.05Myr (left) and t = 0.56Myr (right). The
density peaks (cores) at t = 0.56Myr, are roughly periodically spaced, having an average separation of 0.24 pc.
One can write an equation to predict the positions of
the peaks in the dispersion relation by considering when
the oscillation period and the time at which the filament
becomes supercritical, τ
CRIT
, are in phase. For the two to be
in phase requires
τ
CRIT
∼ nτ
HALFOSCILLATION
, (5)
where n is a positive integer and
τ
HALFOSCILLATION
=
λ
2a
O
. (6)
Hence
λ
DOMn
∼
2τ
CRIT
a
O
n
. (7)
At T
O
= 40K the isothermal sound speed, a
O
, is
0.37 km/s, and taking τ
CRIT
as 0.45 Myr we expect the dis-
persion relation to show peaks at λ
PEAK
= 0.33, 0.17, 0.11, ...
corresponding to n = 1, 2, 3, .... We see the n 6 6 peaks
in figure 2 where equation 7 predicts. The dominant wave-
length, the one that grows most quickly, is the n = 1 peak
(figure 2).
This dominant wavelength, λ
DOM
, is defined by a reso-
nance between the timescale, τ
CRIT
on which the line den-
sity of the filament approaches the critical value for radial
collapse, and the timescale on which the longitudinal os-
cillations of the perturbation complete a half oscillation,
τ
HALFOSCILLATION
, so that both motions act to enhance the
perturbation - i.e. both radial and longitudinal flows are
converging.
From equation 7 we can see that if the temperature, and
hence the sound speed, a
O
, are kept constant, and the mass
influx per unit length, µ˙, is increased, the dominant wave-
length decreases because τ
CRIT
has been reduced (see figure
3). Conversely if τ
CRIT
is kept constant, and the temperature
and sound speed are decreased, the dominant wavelength
again decreases, but now because the timescale to complete
half a longitudinal oscillation has been increased (see figure
4).
As the oscillations are acoustic in nature and are depen-
dent on the sound speed it is not clear yet if they will survive
in the presence of turbulence. However, it has been shown
that filaments are decoupled from the supersonic medium
surrounding them and appear to only contain sub-sonic mo-
tions (Hacar & Tafalla 2011), which may lead to only a small
correction to the model presented here.
As noted above, the dispersion relation (figure 2) shows
that there is an upwards trend in growth rate with in-
creasing wavelength, longer wavelength perturbations grow
faster than shorter wavelength perturbations. This can
be explained in terms of the Jeans length. The Jeans
length is applicable because the perturbations are roughly
spherical as they approach instability, as also observed by
Inutsuka & Miyama (1997). For a perturbation to be unsta-
ble and collapse it’s length must be greater than the Jeans
length, λJ = aO(pi/Gρ)
1/2. Smaller wavelength perturba-
tions must therefore reach higher densities before they be-
come unstable, and this delays their growth.
4.1 Multi-wavelength perturbations
We now apply our analysis to filaments which are seeded
with perturbations at multiple wavelengths, in order to in-
vestigate whether the dispersion relation continues to hold
true. We use initial conditions informed by the work of
Roy et al. (2015), who find that the power spectrum of den-
sity perturbations in interstellar filaments is well described
by a power law with an index of α = −1.6 ± 0.3.
We have performed a set of simulations whose initial
longitudinal density profile is characterised by such a power
law. We perform ten realisations with an index of α = −1.3,
ten with α = −1.6 and ten with α = −1.9. So as to compare
the results to the dispersion relation (figure 2) in section
3, we take T
O
= 40K, the computational domain is set to
1 pc, µ˙ = 70M
⊙
pc−1Myr−1, the maximum amplitude per-
turbation has A = 0.2, the same radial density and velocity
profiles are used, and the k = 1 mode has an amplitude
of 0. We set the amplitude of the k = 1 mode to zero as
it corresponds to a wavelength of 1 pc, beyond the range
c© 2002 RAS, MNRAS 000, 1–7
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of perturbation wavelengths we considered in the previous
section.
Figure 7 shows the longitudinal density profile for one of
the α = −1.6 simulations at t = 0.05Myr and t = 0.56Myr
(just before the first sink forms). The density peaks are
roughly periodic at t = 0.56Myr despite there being no ob-
vious indication of it in the initial conditions. This suggests
that there exists a preferential length scale for fragmenta-
tion.
We determine the core separations for each set of sim-
ulations and plot the histograms in figure 8. Separation dis-
tances below 0.05 pc have been removed; in a number of
simulations a few cores form very close together, with sepa-
rations ∼ 0.02 pc, and these clusters of cores are then sepa-
rated by much greater distances.
Changing the index of the power does not appear to af-
fect the distribution of core separations, all three are sharply
peaked at ∼ 0.3 pc. As the value of α does not have a strong
effect on the distribution we combine the data from all 30
simulations, this leads to a sample of 114 spacings with a
mean of 0.296 pc and a standard deviation of 0.070 pc.
The peak in core separations corresponds to the n = 1
peak in the dispersion relation (figure 2); even though there
is initially greater power in other modes, it is the wavelength
with the fastest growth rate which determines the fragmen-
tation length scale.
Our simulations suggest that one could estimate a lower
age limit for a filament which is fragmenting periodically by
measuring the average core separation distance. Equation 7
can be re-written as,
τ
AGE
> τ
CRIT
≃
λ
CORE
2a
O
. (8)
This is a lower limit on the filament’s age, as we
do not know how much time has elapsed between when
the cores formed and when the filament is observed. We
can also estimate the average accretion rate that the fila-
ment experienced during its assembly, µ˙ = µ
CRIT
/τ
CRIT
=
2a
O
µ
CRIT
/λ
CORE
. A filament which has closely spaced cores
is likely to have experienced a very high accretion rate and
vice versa.
Tafalla & Hacar (2015) find that there exists a pref-
erential core separation of ∼ 0.2 pc in the sub-filaments
making up the L1495/B213 complex in Taurus. Taking
a gas temperature of 10 K and assuming solar metallic-
ity the sound speed is 0.19 km/s. This results in a mini-
mum age for these sub-filaments of 0.53Myr. The critical
line density at this temperature is 16.7M
⊙
pc−1. There-
fore the average accretion rate during the filament’s for-
mation was ∼ 32M
⊙
pc−1Myr−1, in agreement with the
accretion rate inferred observationally by Palmeirim et al.
(2013), 27− 50M
⊙
pc−1Myr−1.
5 CONCLUSIONS
Filament fragmentation is a complex phenomenon. We have
shown that the sub-critical accretion phase in a filament’s
evolution strongly influences the growth of the perturbations
which lead to fragmentation. During the sub-critical accre-
tion phase the thermal pressure term dominates over gravity
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Figure 8. Histograms showing the distribution of core spacings
in a set of 30 simulations. The blue line shows the core spacings
for the ten simulations where α = −1.6, the green line shows
the core spacings from the ten simulations where α = −1.3 and
the red line shows the core spacing for the ten simulations where
α = −1.9. Spacings below 0.05 pc were removed; in a number
of simulations a few cores form very close together, ∼ 0.02 pc,
these clusters are then separated by much greater distances. The
change in power index does not affect the distribution, all three
distributions are strongly peaked at ∼ 0.3 pc. Considering all 30
simulations together, a sample of 114 spacings, the distribution
has a mean of 0.296 pc and a standard deviation of 0.070 pc
and sets up standing gravo-acoustic oscillations, leading to
a series of oscillations in the dispersion relation linking per-
turbation growth rate and perturbation wavelength.
The fastest growing mode in an evolving filament is
no longer simply linked to the diameter of a filament
(as shown to be the case for equilibrium filaments by
Inutsuka & Miyama 1992). Instead it is dependent on the
temperature and the accretion rate onto the filament, be-
cause the fastest growing wavelength is the one for which
there is a resonance between the timescale on which the
filament becomes super-critical and the period of the lon-
gitudinal oscillations. We have shown that this dependence
holds when filaments are seeded with a multi-wavelength
density power spectrum. Moreover, the results are insensi-
tive to the exact power law index in the range of indices
(−1.3 6 α 6 −1.9) observed by Roy et al. (2015).
These results allow observers to constrain the age of
a filament which is breaking up into regularly spaced frag-
ments (e.g. Tafalla & Hacar 2015; Beuther et al. 2015) as
well as its accretion history.
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